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1. (a) (i) Let f : [a,b] — R be a function which is continuous on [a, b] and differentiable on (a,b).
Then there exists ¢ € (a,b) such that f(b) — f(a) = f'(c)(b — a).

1
(ii) Let u,v € [1,00) and u < v. Since f(r) = — is continuous on [u, v] and differentiable on
x

(u,v), by the Mean Value Theorem, there exists ¢ € (u,v) such that

f(’l))—f(u)_ / __3

Tomw TO=Tm
Then,

fw) = f(u) 2] _ 2

‘ v —’ | =?
and so

|f(v) = f(w)] < 2[v—ul.
f is a Lipschitz function on [1,00) and therefore uniformly continuous on [1, 00).
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(b) Let v, = — >0 and u, = — > 0. Then lim v, —u, = —— = 0, however hm flop) —
f(u,) = lim 3n? which goes to positive infinity. Therefore, f(z) = — is not uniformly
n—o0 X

continuous on (0, 00).

2. Let € > 0. Since f : [a,b] — R is continuous and hence uniformly continuous, there exists § > 0

such that for any u,v € [a,b] and |u — v| < §, then |f(u) — f(v)| < %

By Archimedean property, there exists m € N such that h := = [a,a + h]
m
and Iy, = (a+ (kK — 1)h,a + kh] for k = 2,3,--- ;m. On each interval I}, define g to be the linear

function joining the points
(a+ (k—1)h, fla+ (k—1)h)) and (a+ kh, f(a+ kh)).

Then g is a continuous piecewise linear function on [a, b].

Let x € Ij. By the construction of g, f(a + kh) = g(a + kh), then

[f(z) —g(@)] = |f(z) - fla+kh)+g(a+kh) —g(z)|
> |f(x) = fla+kh)|+ |g(a + kh) — g(z)|
> [f(z) = fla+kh)|[ +[g(a+kh) — gla+ (k= 1)h)]
= |f(@) = fla+kh)[ + |f(a+kh) — f(a+ (k—1)h)|
< s+3



3. Let e > 0. Let P={0,1— é 1,2 — %, 2} be a partition of the interval [0,2]. Then we have

= WO-3)+@EF) +@01-)+G)E)

U(P,
LP.S) = WO-3)+ME)+@0-2)+@)()

f)
(P, f)

Therefore, U(P, f) — L(P, f) = % < e and f is integrable on [0, 2].
4. Note that inf f([z;—1,2;]) < fla+ (i — %)hn) < sup f([x;—1,]), s0

L(P, f) < Mn(P, f) < U(P, f).
b
Since f is integrable on [a, b], ILm L(P, f) = ILm U(P, f) = / f, by using the sandwich theorem,

b
lim M, (P, f) = / 7

n—oo

b
5. (a) Define f : [a,b] = R by f(a) =1 but f(x) =0 for a < z < b. Then/ f =0, but f is not
the zero function. ¢

(b) Suppose that f : [a,b] — R is a continuous function but not the zero function, then there
exists zg € [a, b] such that f(zo) > 0.

f(zo)
2

Since f is continuous at xg, let ¢y = > 0, there exists 6 > 0 such that for all x € [a, ]

with |z — o] < 9,
_ flzo)
2

f(@o)

= —e < f(z) = flzo) <e= =5

Then f(z) > @ > 0.

Now, take x1, z2 € [a,b] N (xo — J, 29 + 0) with x1 < z2 and choose a partition P such that

and x4 are partition points of P. Then, we have

L(P, f) > inf f([z1,22]) - (v2 — 21) >

b
Then/ f=U(P f)>0.

6. e If 2,y € RT, then clearly d(z,y) = ‘ln (E)‘ > 0. Furthermore, if d(x,y) = ‘ln (Q)‘ =0, then
x x
gzlaundsox:y.
x

o If z,y € RT, then

d(y,z) =

x\| B _ _ _ LAY
ln<y>‘lnx Iny| =|lny — Inz| ‘ln(x)’ d(z,y).

o If 2,9,z € RT, then

d(z,y) + d(y, 2)

(9] ;)

lny —Inz|+|lnz — Iny|

v

Inz — In x| (triangle inequality)

- n(3)

d(z,x)



8.

Let {z,} € X and a € R. We have
l(a-{zn})|| = [{azn}| = sup{lazi], |azz],- - } = |a[sup{|z1], [z2],- - } = la] - [{zn} -

Let {zn}, {yn} € X. Since [[{zn}[| = |ai| and [[{yn}]| = |yi] for all i € N, [{zn}] + [{ya} ]| =
|| + yi| > |z + y;] for all i € N. Hence, we have

{zn} I+ [{yn 3| = sup{ler + w1l [22 +yal, - } = [{zn} + {ya -

o Let {z,} € X and ||[{z,}|| =0. 0> ||{zn}]| > |2;| > 0 for all i € N which implies that z; =0

(a)

for all 7 € N.

Let ro be a rational number in [0, 1], then f(rg) is nonzero. Since the set of irrational numbers
in [0, 1] is dense in [0, 1], there exists an irrational sequence {x,,} in [0, 1] such that nl;n;o Tp =
ro. However, nlgr;o fla,) = nhﬁrr;() 0=0# f(ro). Therefore, f is discontinuous at every rational
number in [0, 1].

Let xo be an irrational number in [0, 1] and let € > 0. By the Archimedean property, there
exists NV € N such that N < €. Since there are only finitely many rational numbers with
denominator less than N in the interval [0, 1], we can choose ¢ > 0 such that (zg — 0, z¢+9) is
a subset of [0, 1] and it contains no rational numbers with denominator less than N. It follows
that for |z — zo| < 0,

m
e if z is rational, x = — where m and n are natural numbers with ged(m,n) = 1 and

1 1
n > N, then |f(z) — f(zo)| = ﬁ—OS N <6
e if x is irrational, then |f(z) — f(20)| =0—-0=0<e.
Therefore, f is continuous at every irrational number in [0, 1].
1
Let € > 0. By the Archimedean property, there exists N € N such that ~ < % There are
only finitely many rational numbers with denominator less than N in the interval (0,1), we

label them as x1,z9, -+ ,Z,_1 such that g .= 0 < 21 < 29 < --- < Tp_1 < T, := 1. We
choose a sufficiently small § > 0 such that § < f (i.e. 2nd < %) and
n

To<TpF+d<x1—0<T1+06<a2—0<a2+0< - <Tp_1—-0<Tp_1+0<zy —06<xp.

We let P = {zg,x0 + 6,21 — 0,21 + 6,20 — 0,2+ -+ ,Tp_1 — 0, Tp—1 + 6,2 — 6,2, } be a

partition of [0, 1]. Note that L(P, f) = 0 as every subinterval contains an irrational number.



Also, we have

U(P, f)
= 4 -sup f([xo, 0 + 0]) + (z1 — xo — 20) - sup f([zo + &, 21 — 0])

+26 - sup f([zy — 8,1 +6]) +---

+(zp — Tp—1 — 28) - sup f([zn-1+ 0, xn — 0]) + & - sup f([zn, — &, z4])
= 0 (sup f([zo, zo + 8]) + sup f([zn — b, zn]))

n—1

+Z(=’17z' — @i—1 — 26) -sup f([z; + 6, w1 — d]) + 25ZSUpf([=’171 — 0,71 +9])
=1

i=1

n n—1
1
< §-(1+1 i— Ti_1—20) - — + 26 1
< ( + )+l:21($ Ti-1 ) N+ ;
1—2né

= 2nd

no + N
< 2<H—1

n _
- N
_oe e

2 2

= €

Therefore, U(P, f) — L(P, f) < € and f is integrable on [0, 1].



